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Modified Faddeeva Algorithm for Concurrent 
Execution of Linear Algebraic Operations 

,J. GREG NASH, MEMBER, IEEE, AND SIEGFRIED HANSEN 

Abstract-An algorithm is described, based on that of Fad- 
deeva, which provides an architectural framework for systematic 
execution of a wide class of linear algebraic operations using a 
single systolic array and simple data flow. The algorithm has been 
modified to use numerically stable Given’s rotations and is 
therefore suited to any matrix problem of full rank. When 
problem size exceeds that of the hardware array, it can be 
partitioned in a straightforward, numerically stable way. Numer- 
ous simulations have been performed to verify algorithm correct- 
ness. 

Index Terms-Cellular processor, image processing, linear 
algebraic algorithms, signal processing, systolic arrays. 

I. INTRODUCTION 

0 NE of the principal problems encountered in designing 
concurrent computing systems for scientific calculations 

is that of providing a sufficiently general range of functionality 
without undue addition of hardware, interconnection over- 
head, and software complexity. For example, although numer- 
ous proposed systolic array organizations [ 11, [2] can be 
extremely efficient for special purpose applications, it is 
usually difficult to justify the associated hardware and soft- 
ware costs considering the narrowness of the application. 

An alternative approach is based on the generality of linear 
algebra, a class of operations that arises in a wide variety of 
application areas. It has been estimated that almost 75 percent 
of all problems in such basic sciences as economics, mechan- 
ics, engineering, physics, and business involve the solution to 
a linear system of equations at some point in the course of 
problem solution [3]. Various image and signal processing 
problems can also be solved using linear algebraic techniques 
[4]-[6]. We describe here a mesh-connected systolic/cellular 
processor which has been designed specifically for execution 
of linear algebraic operations such as matrix manipulation, 
linear system solution, and least squares operations. The 
cellular capability is desirable because there is a wide class of 
important operations that fall outside the domain of linear 
algebra, but run efficiently on cellular machines such as the 
Massive Parallel Processor 171. An example is a simple 
element-by-element multiplication of two matrices. 

The goal is not to map into a concurrent implementation all 
the algorithms in the immense body of knowledge associated 
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with linear algebra. Rather, it is to provide an architecture for 
fast, numerically stable solutions to the most basic, typically 
encountered linear system problems. Clearly, a few basic 
types of systolic arrays, for example those used to do matrix- 
matrix multiplication, triangular system solution, and matrix 
factorization (QR, eigenvalue, and SVD), could be used 
together to perform a wide variety of linear algebraic 
operations. Although there is an advantage in using this 
approach, i.e., each type of systolic array can be optimized, 
the overhead associated with interfacing, controlling, synchro- 
nizing, and generating the associated software for each array 
can be considerable. The approach suggested here is to use a 
single systolic array to perform all the basic functions desired. 
For some computations this will not result in the most efficient 
systolic implementation, but the enhanced generality should 
more than compensate for this deficiency. Our  approach is 
based primarily on an implementation of a modification of the 
Faddeeva algorithm [8]. This results in a systolic architecture 
with a regular array of relatively simple PE’s, that has a simple 
data flow scheme, only two different types of PE’s, and 
straightforward control requirements. Also, by using one 
underlying algorithm to solve the important linear algebraic 
problems, there would be considerable simplification of the 
associated software effort, because only one parameterized 
program need be written. 

In Section II we describe our modified Faddeeva algorithm, 
which is the basis for our proposed architecture, followed in 
Section III by a detailed description of an architectural 
implementation. Important issues that we address at the 
architectural level are those associated with the physical 
implementation of systolic arrays; for example, such details as 
how to introduce skewing delays, how to avoid multiple 
parallel I/O paths in and out of the array, and how to provide 
for alignment of data coming in and out of the array. 
Illustrative examples of the use of the modified Faddeeva 
algorithm, as in the solution of various least squares problems, 
are described in Section IV. The partitioning solution is 
discussed in Section V. Finally, we mention briefly in Section 
VI other non-Faddeeva-based linear algebraic algorithms that 
use the same systolic array. 

All the algorithm mappings described in this paper, includ- 
ing partitioned matrix operations, have been simulated using 
APL. This has served to verify the correctness at a functional 
level of the data flow and various calculations performed in the 
array. The APL language is naturally suited to this task 
because of the ease with which linear algebraic operations can 
be expressed. 
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II. FADDEEVA ALGO~UTHM 

A. Introduction 
In this section we describe an algorithm of Faddeeva [9], 

which is the basis for a large fraction of the capabilities of our 
proposed processor. We will highlight its advantages and 
deficiencies for performing matrix computations, and then 
show how it can be modified to provide a wider range of 
capabilities with improved numerical stability. 

The Faddeeva algorithm finds d + CA - 1 B, given the matrix 
equation Ax = b, row vector c and scalar d. It was originally 
described in terms of finding cx + d. The problem can be 
codified by writing it as 
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Fig. 1. Illustration of matrix positioning and sizes for Faddeeva algorithm. 
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Fig. 2. Examples of variety of matrix operations possible with Faddeeva 
algorithm. 

or in abbreviated form, matrices C, D, and B, or 

A b 
-I-- 

A B 
-c d’ (1) -+ -c D 

If a suitable linear combination of the rows above the line 
(from A and b) are added to the row beneath the line (e.g., - c 
+ WA and d + wb, where W  specifies the appropriate 
linear combination), so that only zeros appear in the lower 
left-hand quadrant, then the desired result, cx + d, will 
appear in lower right-hand quadrant. This follows because the 
annulment of the lower left-hand quadrant requires that 

as shown in Fig. 1. After the lower left-hand quadrant is 
annulled, the result CA-‘B + D will appear in the lower 
right-hand quadrant. 

As shown in Fig. 2, numerous matrix operations, such as 
multiplication, addition, and linear system solution are possi- 
ble by selecting entries in the four quadrants. The Faddeeva 
algorithm is programmable by simply positioning the data 
appropriately before calculations begin. 

so that 

W=cA-‘, It should be noted that a matrix of the form D + CA - ‘B is 
also known as the Schur complement, and appears widely in a 
number of applications. An exposition on the properties of the 

d+ Wb=d+cA-lb. 

Or, since x = A -lb, we have the result 

d+ Wb=d+Cx. 

The simplicity of the algorithm is due to the absence of a 
necessity to actually identify multipliers of the rows of A and 
the elements of b ; it is only necessary to “annul the last row. ” 
This can be done by ordinary Gaussian elimination. 

One of the more important features of this algorithm, when 
applied to solution of linear systems, is that it avoids the usual 
backsubstitution or solution to the triangular linear system and 
obtains the values of the unknowns directly at the end of the 
forward course of the computation. This avoids the require- 
ment of separate backsubstitution, or triangular solution 
sections, which complicate architectural implementation and 
can add to hardware and solution time. We note also that 
statistical studies we have done show that numerical accuracy 
is comparable to the usual LU decomposition and backsubsti- 
tution. 

Schur complement and its uses is available [iO].- 

B. Modified Faddeeva Algorithm 
Although the Faddeeva algorithm has very desirable fea- 

tures, we would like to add an orthogonal factorization 
capability for added numerical stability. This is important 
because it is not easy on a nearest neighbor connected network 
to perform a partial pivoting operation in the Gaussian 
elimination procedure. Without at least partial pivoting, it is 
possible for a division by zero to occur even in a matrix of full 
rank. “Growth” in element values is another negative 
byproduct of this procedure. 

Use of well known QR orthogonal factorization techniques 
(using Givens rotations in our case) avoids the difficulties cited 
above. In addition, a QR approach permits triangularizing 
matrices without changing matrix norms, which is necessary 
for solving over- and underdetermined systems of equations. 
Unfortunately, when Givens rotations are applied to the matrix 

. 

A B m  
-+ -C D i (2) 

This result can be generalized to the case of rectangular n P 
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in the usual way (beginning in the lower left-hand corner) to 
annul C, where 

Q,= Q: Qi n [ 1 Q: Q: P 
m i 

represents the appropriate series of rotations, the result is 

since Q\ = Q:CA - *. Thus, mixing of the rows beneath the 
line during the rotation process causes the desired result to be 
modified by the matrix Q:. (For the sake of illustration, in this 
example we are assuming A is m x n, m > n .) 

For the reasons described above, it is necessary to divide the 
process of annulling the lower left-hand quadrant into a two 
step procedure. First A is triangularized by Givens rotations 
(simultaneously applied to B); after this is completed, the 
remainder of the process can be accomplished by Gaussian 
elimination using the diagonal elements of R as pivot 
elements. In other words, after the first step (Givens rotations) 
we obtain 

n 
m-n 

where we have redefined Q  = [Q, : Q2]. After the second 
step, Gaussian elimination, the final result is 

n P 

where R-‘Q\B is the appropriate solution to Ax = B. It is 
important to note that as long as A is of full rank, the elements 
along the diagonal of R will be nonzero. Since the elimination 
operation uses these elements for pivoting, division by zero is 
not possible. 

III. ARCHITECTURAL ORGANIZATION OF PROCESSING ELEMENTS 

A. Introduction 

In this section we describe a systolic implementation of the 
modified Faddeeva algorithm. (A broadcast approach is 
described in [ 111.) As detailed in Section II, the first step 
required is a QR factorization of the A matrix, where Q  is an 
orthogonal matrix, and R is an upper triangular matrix. This 
can be done using a triangular array [12] of processing 
elements and passing the A matrix down through the array as 
shown in Fig. 3(a). As can be seen, the data are skewed in 

such a way that they are not necessary to broadcast the sine 
and cosine values along rows of PE’s. The purpose of the 
circular processors is to perform “rotations” on columns or 
vectors in such a way that zeros are introduced (correspond- 
ing to alignment of components of the vector along a major 
axis) for all elements aij, i > j. In this way the resulting matrix 
is triangular and is left stored as the “r” values in the PE’s of 
Fig. 3(a). 

In order to correctly process the B matrix, it is only 
necessary to extend the triangular matrix in the eastward 
direction as shown in Fig. 3(a). By passing A and B down 
through this array, with delays as shown, and performing the 
computations indicated in the circles and boxes, R and Q;B 

will be left stored in the array of PE’s. (In this example, both 
A and B are m x 4 in size, where m L 4.) 

The second step in the modified Faddeeva algorithm could 
be accomplished as shown in Fig. 3(b). Here C and D, each of 
which is i x 4 where i is arbitrary, are also passed down 
through the array of processing elements in a similar way. In 
this case, the set of operations performed in each PE is slightly 
different, as shown. The PE’s indicated by the circles each 
zero one column of C  by pivoting on the diagonal elements of 
R. In this case the result CR-‘QiB + D will appear row by 
row coming out of the array at the bottom right. Total 
processing time is O(m + i) and for the array shown in Fig. 
3. 

The triangular structure of Fig. 3 can be easily transformed 
into a more regular square organization shown in Fig. 4. The 
data flow will not be entirely uniform for this case, so that 
some additional control capabilities will be required. There are 
several advantages associated with arrangement of the PE’s in 
this fashion, however. First, because extra circles (dashed 
PE’s) could be made available for calculating sines and 
cosines, problems with varying array sizes could be accommo- 
dated. Thus, the system in Fig. 4 can be configured to accept 
matrices in the range A(m x 2), B(m x 6), to A(m x 7), 
B(m x 1). Also, with this arrangement, skewing is taken care 
of by the processor array itself, freeing the programmer from 
such considerations, and data I/O is unidirectional. This latter 
feature is very important from an implementation point of 
view, because it is difficult to interface a systolic array to a 
host when data enter and exit the system in parallel from more 
than one direction. As data leave the array, they are also 
effectively “realigned, ” ready for further processing at a later 
point in time. Finally, with a square array of PE’s, other 
processing options are available. For example, data in two 
matrices could be processed in block format, as might be 
required in the simple addition of two matrices. In addition, 
many important algorithms can best be processed on a simple 
mesh-connected, cellular array. 

Based on the architecture described in this section we have 
simulated all the algorithms listed in Table I. Clearly, this 
basic set could be used to solve a variety of other problems, 
e.g., partial differential equations, QR  algorithm, and tech- 
niques using LaGrangian multipliers. Examples of problems 
that can be solved using just the cellular mesh capability are l- 
and 2-D convolutions, sorting, median filtering, and finding 
histograms. 
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Fig. 3. (a) PE  arrangement, data flow, and computations performed for 

modified Faddeeva algorithm during orthogonal triangularization step and 
(b) that for the Gaussian elimination step. The output matrix is G = 
CR - ’ Q: B  + D. Note that the triangular processors accumulate outputs of 
the columns during QR factorization, the sums of which are. the least square 
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Fig. 4. Alternative square processor arrangement for set of processors of 
Fig. 2. Dashed circled PE’s could be used for arrays larger than the 
example of Fig. 2. 

TABLE I 
SYSTOLIC ARRAY FUNCTIONAL CAPABILITIES THAT HAVE BEEN 

SIMULATED 

Matrix-Vector Multiplication 
Matrix Transpose 
Vector Output Product 
Vector Inner Product 
Matrix-Matrix Addition 
Matrix-Matrix Multiplication 
Matrix-Matrix Multiplication and Addition 
Matrix Inverse 
Matrix Pseudoinverse 
Linear System Solution (Banded and Dense) 
Matrix Factorization (LU or QR) 
Least Squares Solution-Overdetermined System 
Least Squares Solution-Underdetermined System 
Generalized Least Squares 
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IV. LINEAR ALGEBRAIC PROCESSOR OPERATIONS 

A. Introduction 
In this section we give examples of how the Faddeeva-based 

architecture can be used to solve a variety of relatively 
complex linear algebra problems. We focus on least squares 
problems because of their relevance in signal processing. We 
assume throughout that the coefficient matrix A is of full rank. 

Before proceeding we note that straightforward linear 
algebra and matrix-based problems are carried out by associa- 
tion of the appropriate value with the “A,” “B,” “C,” and 
“D” matrices in Fig. 1. For example, operations such as an 
outer product of a vector X = (x,x2x3) and Y = (yiyZy3) can 
be performed using 

Z 

-Y, 0 0 
0 -Yz 0 
0 0 -Y3 

XI x2 x3 
Xl x2 x3 
XI x2 x3 

(3) 

0 

B. Least Squares-Overdetermined 
The overdetermined least squares problem corresponds to a 

linear system with more equations than unknowns. This type 
of problem is typically encountered in situations where the 
noise or uncertainty that is present in a system prevents an 
exact solution to the problem. Thus, the goal is to find the 
value of x  that minimizes 

whereAism x n,m > n,xisn x l,andbism x l.The 
usual procedure is to perform an orthogonal triangularization 
of A which, for the overdetermined case, leads to 

Q ’A= “0 ;-, [I 
so that 

llA=-blI=IlRx-Q:bII+IIQ:bII (4) 

where Q  = [ Qi : QJ.  The minimum value of 11 Ax - b II is 
obtained with x  as the solution to Rx = Q{b. The residual is 
then II Qib (1. These results can be found using the modified 
Faddeeva algorithm with the data arrangement 

A b 

+ -I 0’ (5) 

For example, the processor arrangement shown in Fig. 3 
would be suitable for computing the least squares solution, 
min II Axi - bill for i = 1, 2, 3, 4, where A is m x 4. Note, 
as shown in Fig. 3, the residuals are very simply obtained by 
accumulation of the squares of the first m - 4 nonzero outputs 
(corresponding to the elements of Qib) of each of the columns 
associated with bi. 

C. Least Squares- Underdetermined 
This problem corresponds to solving Ax = b, where A is 

m X n with m < n, x is n x 1, and b is m x 1. This is 
equivalent to solving a problem where there are more 
unknowns than equations. The first step is to do a QR 
factorization of A, so that 

Ax-b=[R:O]Qtx-b. 

If we let 

then yl can be found from the solution to the triangular system 

Ry,=b 

and y2 is arbitrary. The usual procedure is to set y2 = 0, which 
corresponds to taking the minimum norm solution. The 
underdetermined case requires that Q  be applied after the 
solution for yl, so that the rotations must be accumulated 
during the course of the computation. This problem can be 
solved using the modified Faddeeva algorithm with the data 
entries for A, B, C, and D as follows. 

A’ I 

-t -b’ 0’ 

At the end of the calculation the entries will be 

(6) 

where the desired result x  t is in the lower right-hand quadrant. 
(Of course, multiple underdetermined least squares calcula- 
tions, min ]I Axi - bill, for i = 1, 2, * * . n, could be 
performed with the entries 

A Z 

-t- -B 0 

where B = [bl:b2:“* : b,]’ contains the set of right-hand 
side vectors. From an architectural point of view, no extra 
PE’s are necessary when processing more than one right-hand 
side vector.) 

D. Generalized Least Squares 
In order to provide a better feel for the utility of the 

modified Faddeeva approach, we will illustrate how a more 
complex problem, such as the generalized least squares, is 
solved [ 131. 

The generalized least squares problem is that of minimizing 
II w’w )I subject to 

b=Ax+Bw (7) 

whereAism x n(m > n)andBism x m.Oneprocedure 
[14] uses the orthogonal factorization of A, so that (7) results 
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AND s IS LIFTER TRlANGULAR w from (9) is equivalent to solving an underdetermined system 

.RETAIN PI of equations, as was done in Section IV-C. There, the solution 
u 1 we found corresponded to the minimum norm solution. For 

I[ I J this reason the w we calculate will be the desired minimum 

[ 
ca;E$ norm result as well, which is required for solving the 

u u generalized least squares problem. As shown in Fig. 5(c), w  
can be obtained very simply by passing - (Qib)I through the 
array as shown. In Faddeeva notation, this is equivalent to 

S 
P” finding 

(bl ’ 

u Note that S and Pi are already conveniently stored in the array 
ready for use. Having w, we find h = Q;ZJ - QBw from 

][Ol 
(8a) using 

-I 
1 (11) uu 

Jh 

IC) I tdl 

Fig. 5. Processing that occurs for solution to the generalized least squares 
problem. Delay cells have been omitted for clarity; arrays are included to 
symbolically indicate data flow. 

which can be done according to the flow in Fig. 5(d). Here it 
was assumed that the identity matrix was prestored in the 
triangular section. The final result x is then the solution to 

R h 

+ -z 0 
(12) 

in the two equations 

Rx= Q;b- Q;Bw @a) 

and 

0 = Q;b - Q;Bw @b) 

where Q  = [ Ql : QJ. These operations can be performed 
using only the first step in the modified Faddeeva algorithm, 
as illustrated in Fig. 5(a). During the factorization of A, 
rotations are applied to B as well as b, so that Q:b, Qib, Qt,B, 
and Qp are computed at the same time. Note that R remains 
in the array, while Q/b, Q# Q:b, and Qp are passed out of 
the array and stored in an external memory for later use. The 
next step involves a QR factorization of Qp into an upper 
triangular matrix S and an orthogonal matrix P so that 

Q;f?P=[S’ : O] m-n 

m-n n 

with 

P=[P, : P2] m. 

m-n n 

This operation is carried out as illustrated in Fig. 5(b), where 
we have introduced the identity matrix to accumulate Pi. Then 

where R, stored from the first step, is used as shown in Fig. 
5(e). 

The procedure described above for solving generalized least 
squares problems has been shown to be numerically stable, in 
that all potential problems show up in solving the triangular 
systems of (8a) and (9). Other important similar problems, 
such as the constrained least squares and weighted least 
squares, can be solved in a similar fashion. Note that in Fig. 5 
we have only shown the data flow for the basic operations 
required. A few other operations such as obtaining transposes 
can also be performed using the same array. 

V. PARTITIONED FADDEEVA ALGORITHM 

Efficient partitioning of large problems is a crucial consid- 
eration in an architectural effort, Problem size is always 
limited by machine execution speed. Because our modified 
Faddeeva algorithm is the underlying foundation for our 
proposed processor architecture, if we can partition this 
algorithm, we have effectively partitioned all the linear 
algebraic operations shown in Table I. The Faddeeva al- 
gorithm has been the basis of other partitioning approaches 
[15], although several control and implementation issues still 
need to be resolved with these. 

. 

We consider two basic approaches to partitioning the 
modified Faddeeva algorithm. The first is a very straightfor- 
ward multiplexing arrangement, which allows processing to be 
performed in a similar way to that shown in Fig. 3. The second 
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algorithm. Fig. 7. Illustration of how pieces of coefficient matrix “A ” and “B” are 
processed using Faddeeva architecture. 

approach we discuss is more general in that it provides a 
scheme for decomposition of arbitrarily large matrices. 

A. Multiplexed Organization 

The advantage of the multiplexed arrangement is that it 
increases the size of the array which can be processed without 
requiring any fundamental change in the flow of.data shown in 
Fig. 3. In addition, it represents a far simpler solution in terms 
of programming issues. The method involves building a 
fictitious array of the required size by adding phantom 
elements to each of the real elements of the prototype array. 
For example, Fig. 6 shows how an array, which could solve a 
linear system with four right-hand sides, could be configured 
to solve a larger problem by associating three phantom 
elements with each real element. This array can solve eight 
simultaneous equations with eight right-hand vectors. Associ- 
ated with each phantom element are at least four extra registers 
to hold data and sin/cos values. The system speed is reduced 
because each PE must serially process all of the real and 
phantom cells. 

While this approach is straightforward, the number of extra 
registers required grows as the square of the array size. A 
large RAM associated with each PE would be necessary for 
big arrays. Although this is possible to do, it is our goal to 
keep to a minimum the amount of memory distributed in the 
array of PE’s. This not only allows more effective use of 
memory resources, it also results in a greater degree of 
integration of the PE’s. 

B. Partitioned Faddeeva Algorithm 

Our most important concern in choosing a partitioning 
approach is that it be compatible with the architecture 
described in Section III. In other words, it should be able to 
use the same PE array with the same basic data flow 
capabilities and control. In addition, it should allow processing 
of matrices in a way that does not require large accumulations 
of intermediate results. 

The “A ” and “B” matrices can be partitioned into 
“strips” m elements wide, where m is the physical dimension 
of the hardware array (Fig. 7). One can think of the system 
memory feeding the PE array as containing one long strip that 
is a concatenated version of these strips. In the first step, 
STRIP 1 is fed into the triangular section in an identical 
manner to that shown in Fig. 3. The boundary processors are 
assumed to be capable of storing in local memory all the sin/ 
cos information generated during this pass. After this step, the 
first result of the partitioned triangularized matrix, Rll, is 
available. This result is unloaded from the array and stored in 
external memory. After this operation, all the other strips in 
the “A” and “B” matrices must be updated or rotated with 
the sin/cos values produced during the processing of STRIP 1. 
This operation requires use of the square matrix arrangement. 
However, to use the square section with 100 percent efficiency 
in utilization of PE’s, it is necessary to skew the data in the 
remaining strips so that sin/cos and array data are appropri- 
ately synchronized. This can be done by passing the data 
through the square array in a shift-register-like fashion. A 
simple control scheme allows us to easily skew these data. 
After all strips (except STRIP 1 which has already been 
processed) have been skewed, the strips are again passed 
sequentially through the square array, where data elements are 
rotated using the sin/cos values stored in the boundary 
processors. The strips pass out the bottom of the array and are 
stored in external memory for later use. 

The next basic step is to process all of STRIP 2, except RI*, 
using the embedded triangular set of processors. Since STRIP 
2 has already been skewed, it must first be deskewed by 
passing it again through the square section with the appropriate 
control. Note that after this deskewing operation is completed, 
calculations associated with the data RI2 are complete. After 
passing all but RI2 of the deskewed STRIP 2 through the 

We begin this discussion by considering the most difficult 
part of the partitioning problem-that of the QR factorization 
of the “A ” coefficient matrix and rotations of the “B” rinht- triangular array, calculation of Rzz is complete. This result is 

STRIP 1 
6 . , 

STRIP 2 STRIP N 
, . , I  - .  

R14 

I 

Ran 
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hand side matrix of Fig. 3. As can be seen from Fig. 3, there 
are two basic sets of PE groupings: the triangular sections, 
which contain the boundary processors, and the square 
sections. Our approach is to let the square array shown in Fig. 
4 perform the processing associated with both sections, since it 
contains an embedded triangular array. 
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then unloaded and stored and the process repeats itself with 
STRIP 3. The length of each successive strip decreases by an 
amount equal to the size of the hardware array. Because 
matrices are processed in strips, the only limitation to array 
size is the amount of system memory available for feeding the 
processor array. 

The skewing operation does not represent a large overhead 
because the amount of time associated with skewing, which 
involves primarily shifts of data through the array, is small 
compared to that for the computations. In addition, the 
elements in the array are skewed and deskewed only once. 

When the array size is not an even multiple of the hardware 
size, the last strip to be processed (STRIP N) simply uses only 
the appropriate hardware. In other words, the architecture in 
Fig. 4 can very easily process array sizes less than the 
hardware size by incorporating just the appropriate number of 
boundary processors. 

At the end of the processing of each strip and the associated 
updating of the remaining elements of the array, the sin/cos 
values are no longer necessary and can be discarded. This 
eliminates the need for any large memory storage capability in 
the boundary processors. 

The last part of the modified Faddeeva algorithm is that 
associated with processing “C” and “D” using Gaussian 
elimination. This can be accomplished in a similar manner to 
that described above. The “C” and “D” matrices are divided 
into strips in an identical way as in Fig. 7, and passed through 
the square and triangular sections in the same way, except that 
division results are stored in the boundary processors instead 
of sin/cos values. In addition, the square or triangular sections 
have to be initialized by loading the necessary blocks of 
partitioned triangular data values such as RI,, Rlz, etc. After 
all the “C” elements have been annulled, the processing is 
completed. 

VI. OTHER ALGORITHMS 

As mentioned in the Introduction there are other important 
linear algebraic operations that can be performed on the 
architecture described above. Again, the goal is to map many 
important algorithms onto the same systolic structure. We 
describe two of these only briefly here since the main focus of 
this paper is the Faddeeva mapping. 

One important matrix factorization capability, singular 
value decomposition, can be performed on our array based on 
a parallel algorithm [16] that uses a triangular architecture as 
well. We have simulated a variation of this algorithm on our 
Faddeeva-based architecture to show that they are compatible. 
A second class of non-Faddeeva problems that we have 
simulated and mapped onto the square array of Fig. 4 is that of 
solving large banded matrix problems, i.e., solving Ax = b 
where A is a banded matrix [17]. For such problems, the 
matrix band is passed through the square array (band size must 
be equal to or less than the hardware array size) in systolic 
fashion to produce an upper triangular matrix. This is only 
efficient if the triangularized result passes out of the array, 
since the length-to-width ratio of the band is typically very 
large. Therefore, it is not appropriate to use the Faddeeva 
approach, which leaves the triangularized result in the array. 
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However, for compatibility our banded matrix algorithm 
makes use of the same square array (Fig. 4) and control 
structure of the modified Faddeeva algorithm. We have also 
shown that FFT computations can be efficiently performed in 
cellular fashion [ 181. 

VII. SUMMARY 

We have described here an algorithm whose utility is based 
on two important concepts. First, it offers a systematic means 
for solving a wide variety of linear algebraic problems in a 
very simple, numerically stable way and second, it maps 
directly into a simple, regular, SIMD architecture with only 
two basic PE’s. We are now in the process of assembling and 
testing a system based on this architecture. It is tightly 
integrated with a VME bus-based 32-bit workstation and uses 
custom designed, high-performance 32-bit NMOS PE’s to 
achieve good system efficiency [ 191. 
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